We analyse the correlation properties of light in non-linear wave-guides and transmission lines, predict the position-momentum realization of EPR paradox for photon pairs in Kerr-type non-linear photonic circuits, and we show how two-photon entangled states can be generated and detected.
Most modern communication systems are based on information transfer using light, and quantum properties of light are already being used in securing information transfer protocols. This makes generation, controlled propagation and detection of entangled states of photons in optical circuits important elements in communication. Continuous-variable entanglement has been intensively studied in view of developing such protocols [1, 2] , with vast majority of works focusing on quadrature components, where entanglement has been observed between the amplitude and phase quadratures of squeezed light [3] [4] [5] [6] , continuous variable polarization entanglement [7] [8] [9] , or transverse position-momentum entanglement in photon pairs produced by spontaneous parametric downconversion process in crystals [10] [11] [12] [13] . However, the implementation of continuous variable entanglement is mostly limited by free-space optical networks [14] requiring increased complexity, high-precision alignment, and stability.
Here, we propose a theory describing photons entangled over continuous variables in quantum circuits, whose elements are wave-guides or chains of high-quality resonators with strong Kerr-type non-linearity. In such systems the interaction between two photons leads to the four-wave mixing [15] [16] [17] [18] [19] [20] resulting in the separation of bound pairs of photons, which propagation in the transmission line is position-correlated, from a continuous spectrum of two-photon states. The existence of bound photons discussed in this paper gives ways for a formation of strongly position-momentum entangled photon states, which are collinear and occupy a single transverse quantized wave-guide mode, making them a good candidate for the implementation in quantum on-chip systems, in contrast with entangled pairs generated by conventional bulk-crystal entanglers.
The physical system where we expect the entangled photon states to appear include: (A) a Kerr-type nonlinear single-mode wave-guide characterized by strong photon-photon coupling [21, 22] , or (B) a chain of coupled non-linear resonators [23] [24] [25] [26] [27] [28] . For two photons with momenta k 1 = (k 0 − δk) and k 2 = (k 0 + δk) and dispersion
where v is the photon group velocity, the variation of the energy of a photon pair
As the photon-photon interaction conserves both energy and longitudinal momentum, the two-photon states propagating along the non-linear transmission line can be described by the Fock function in non-linear optical wave-guides. Classically, Kerr nonlinearity in an isotopic medium manifests itself in the third-order polarisation
where " + " and " − " correspond to positive and negative frequency parts, E is electric field, χ (3) is the susceptibility of the medium
xxyy /(2χ (3) ). Quantizing electromagnetic field, integrating over transverse degrees of freedom, and neglecting magneto-optical effects (α = 0) leading to entanglement over polarization degrees of freedom, we arrive at the following Hamiltonian ( = c = 1):
where a k (a † k ) is the annihilation (creation) operator of a photon with longitudinal momentum k and energy ω k , L is the length of the system. The non-linear term H int in Eq. (4) describes photon-photon interaction with cou-
, where n r is refraction index, A is the area occupied by the wave-guide mode and 0 is the vacuum permittivity.
Hamiltonian (4) can be diagonalized exactly in the case of ∆ (2) ω ∝ δk 2 [29] . We consider a sector of the Hilbert space, which consists of all the two-photon states with the total pair momentum 2k 0 and assume the effective mass approximation for the wave-guide dispersion given by Eq.
(1). In the coordinate domain,
the Hamilton Eq. (4) takes the form:
where U (x 1 −x 2 ) = 2κδ(x 1 −x 2 ). For a two-photon state, described by the wave-function
this leads to the following Schrödinger equation:
where E is the energy of a two-photon state. Equation (6) has scattering state solutions, which correspond to the continuous spectrum of non-interacting photons with energies given by Eq. (2) (See Fig. 1(a) ). When the curvature of the wave-guide dispersion β and the photonphoton coupling constant κ are of opposite signs, βκ < 0, there exists a bound state solution with
The energy of this state is split from the continuum of weakly correlated scattering states, as we show in Fig.  1 (a), and it is given by
as expected from binding of a one-dimensional massive particle to an attractive δ-functional potential well [30] . In the momentum domain, the two-photon bound state wave-function is given by Eq. (3) with
The state (9) can be characterised by the Wigner function defined as the expectation value
After straightforward calculations, one can find
where δx = x 1 − x 2 . This function is negative for cos(2δk|δx|) + ξ/δk sin(2δk|δx|) < 0, as shown in Fig.  1(b) , which implies that the state (9) is entangled in position-momentum degrees of freedom [31] . Moreover, for ξ → ∞, the two-photon wave-function approaches the ideal Einstein-Podolsky-Rosen state (see Appendix A) . Alternatively, to demonstrate that the state (9) is entangled in position-momentum degrees of freedom, one can find the uncertainties ∆(x 1 − x 2 ) and ∆(k 1 + k 2 ) calculated over the joint probability distributions P (x 1 , x 2 ) and P (k 1 , k 2 ) respectively, for which, the separability criterion [2, 32, 33] :
can be applied. Although, the states for which the inequality (11) is violated are inseparable, they do not necessarily lead to EPR paradox. In order for an EPR paradox to arise, correlations must violate a more strict inequality [34] :
which can be accessible experimentally [13] . Assuming that the system is driven by a Gaussian beam of width W p in momentum space, we find that the entangled photon states are described by the wave-function (3) with the δ-function substituted by the Gaussian
given by Eq. (9). For the case of narrow Gaussian beam with W p ξ, we find
Wp ξ
2
, which violates both inequalities (11) and (12) .
(B) Another system, where entangled photon pairs may appear is a chain (with period b) of N coupled resonators illustrated in Fig. 2(a) . Here, each optical circuit element is characterized by a single photonic mode of frequency ω c and non-linear on-site photon-photon interaction u. The photons can hop between the neighbouring cavities with an amplitude J, which can be described by the Bose-Hubbard model:
where a j (a † j ) is the annihilation (creation) operator of a photon on site j. Hamiltonian (13) can also be diagonalized exactly in the two-particle subspace of the Hilbert space [35, 36] . Using the periodic boundary conditions for closed chain (j = N + 1 ≡ 1), the system is described by the following single photon dispersion, ω k
For the two-photon states, the Schrödinger equation, H|ψ = E|ψ , is equivalent to
Here, J 0 = 4J cos(k 0 b) is the energy of two noninteracting photons each with quasi-momentum k 0 .
The scattering-state solution has energy of noninteracting photon pair E sc = 2ω c +J 0 cos(δkb) and wavefunction
Moreover, Eq. (15) has a bound-state solution independently of the signs of the coupling constant u and curvature of the spectrum. This state has energy
and wave-function
In the wave-number representation, this reads
This state is separated from the quasi-continuum of scattering states as we show in Fig. 2(b) .
For strong photon-photon coupling, |u| |J 0 |, Eq. (17) yields
In this case, the photon-photon correlation length is small, so the two correlated photons tend to occupy the same resonator, with their energy approaching the on-site interaction energy 2u independent of weather the interaction is repulsive or attractive (see Figs. 2(c) and (d) ). It is worth mentioning that, for η → 0, the wave-function (18) mimics a perfect EPR pairs (see Appendix A).
In the case of weak photon-photon coupling, |J 0 | |u|, the correlated photon pair has large correlation radius and small energy separation from continuum of scattering states, Figs. 2(c) and (d). In this case we find
and
in agreement with the continuous model Eq. (7) [37] . The transition between the two extremes of strongly and weakly interacting photons is shown in Fig. 2(d) . Experimentally, entangled states discussed above could be generated by applying a coherent pump, such as monochromatic laser beam, to the chain of resonators. The results of numerical simulations of the generation of entangled photon states in a closed chain of three lossy cavities driven by a weak coherent laser source shown in Fig. 3 (see Appendix B) suggest that the most effective generation of two-photon entangled states occurs when the pump frequency, ω p , satisfies the resonant condition for bound photon pairs, ω p = E b /2, for which the zero-time delay on-site correlation function, g
, takes its maximum value [38, 39] . Single-photon resonance takes place at ω p = ω c + J 0 /2, which can be seen as a maximum of on-site number of photons, N j , and minimum of g jj . This corresponds to the generation of scattering states. The momentum of two-photon state, 2k 0 , is determined by sitedependent phase of pumping.
To conclude, we have shown that photon pairs entangled over continuous variables such as position and momentum can be generated in quantum systems whose elements are either non-linear wave-guides or chains of optical or microwave non-linear resonators due to photonphoton interaction stemmed by Kerr-type non-linearity. In the case of strong photon-photon interaction, the generated states give good approximation to the EPR state.
The theory is formulated independently of the frequency range of photons used. It can be applied to visible-range polaritonic wave-guide systems, where the non-linearity is due to exciton-exciton interaction [40] . It is also applicable to microwave-frequency superconducting transmission lines of high-quality resonators coupled to qubits [41] . The latter system is more appealing because of controllability of its parameters, high Q-factor (low losses) and a stronger non-linearity [41] , which enables one to reach the regime with u/γ 1 making the effect of losses on the EPR correlations negligible. Strong non-linearity and low losses can also be achieved in the systems, where atoms in electromagnetically induced transparency regime [42, 43] are coupled to microcavities with high quality factors, Q, such as toroidal (Q > 10 8 ) [44] or microrod (Q > 10 9 ) [45] resonators. In these systems, the strength of non-linearity can reach u ∼ 1.25 × 10 7 s −1 , while the losses can be as low as γ ∼ 2 × 10 5 s −1 [43, 44, 46, 47] , hence reaching the desirable regime.
The position-momentum entangled pairs discussed in this paper, in comparison with the ones generated by conventional bulk-crystal entanglers, are collinear and predominantly occupy a single transverse quantized waveguide mode, which offers a potential for the implementation in quantum on-chip circuits. Experimentally, the entangled states could be generated by applying coherent pumping to the system with frequency satisfying the resonance condition for bound photon pairs. These states could be accessed by measuring the two-photon Wigner function in a Hong-Ou-Mandel type experiment [31] . It can play a role of an entanglement witness taking negative values, as shown in Fig. 1(a) , for non-Gaussian entangled states. We have also demonstrated that EPR correlations of the states discussed in this paper would lead to violation of experimentally accessible [13] criterion (12) .
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Appendix A
In the case of the wave-guide with linear dispersion (β = 0), one can find f (k 1 − k 2 ) = const. This is the ideal position-momentum entangled state proposed by Einstein, Podolsky and Rosen (EPR) [48] , in which position, x, and momenta are perfectly (anti-) correlated:
To demonstarte this, we rewrite the Hamiltonian (4) as an (N + 1)/2 × (N + 1)/2 matrix two-photon states with total momentum 2k 0 . It can be diagonalised exactly yielding the following eigenvalues: bound-state eigenvalue E b = 2ω k0 + κk max /π, where k max is the maximum wave-number corresponding to the break-down of the linear approximation, and continuous spectrum eigenvalues E δk = 2ω k0 . The wave functions corresponding to the bound-state wave-function is found to be ψ In coordinate domain, the bound-state two-photon wave-function is ψ ∝ dx 1 dx 2 e ik0(x1+x2) δ(x 1 − x 2 )a † x1 a † x2 |0 .
Appendix B
The density matrix, ρ, describing the evolution of photons in three coherently driven lossy cavities obeys the master equation :
where γ is the photon decay rate, H p = j (F j (t)a † j + h.c.) and F j (t) = F e −iωpt+iψj describes coherent pumping with amplitude F , frequency ω p and phase ψ j . The latter determines the momentum of generated photons.
By finding the steady-state solution of the master equation (B1) for the density matrix determined in the Fock space of photon states with different occupation numbers of the three cavities, ρ = P (m 1 , m 2 , m 3 , n 1 , n 2 , n 3 )|m 1 , m 2 , m 3 n 1 , n 2 , n 3 |, we evaluate the numbers N j , of photons in each cavity as well as zero time-delay on-site pair correlation function g (2) jj (0). We assumed ψ j = 0. 
